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Abstract 

Using CH model of Bell's theorem and only by applying the conditional probabil- 
ity definition in "classical" probability theory, without imposing the locality condi- 
tion,we are able to show that the stochastic realistic (CH) model cannot reproduce 
all of the predictions of quantum mechanics. 
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Introduction: 

It is generally claimed that Bell inequalities are inconsistent with experimental data 
and with the predictions of quantum mechanics. A condition often used in the deriva- 
tion of Bell inequalities is the so-called locality condition. The temptation is to at- 
tribute Bell inequalities violation to the violation of locality. In this paper we are go- 
ing to show, using CH model, that the mathematical condition often used as locality 
condition implicitly involve additional assumptions than physical locality condition 
and the source of problem in Bell's theorem is in these assumptions and not in local- 
ity. In fact, we are going to show that Bell inequality violation is due to the violation 
of conditional probability definition which is one of the axioms of the "classical" 
theory of probability. 

CH Model: 

The standard Bell inequalities apply to a pair of spatially separated systems, and are 
written in terms of correlations between measurable quantities associated with the 
two systems. 

Consider a system which decays into two spin \ particles. The particles are pro- 
duced in a singlet-state (total spin=0),and go in opposite directions. Each particle 
goes through a Stern-Gerlach apparatus and is then detected. 
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The Stern-Gerlach apparatus receiving particle "1" takes orientations a or a', and 
the one receiving particle "2" takes orientations b or 9. Denote by Pi(a, A) and 
P 2 (6, A) the probability for the detection of particles "1" and "2" respectively, and 
by Pi 2 (a, b, A) the probability that both particles are detected. Here A denotes the 
collection of variables characterizing the state of each particle. 
In a famous paper [2],Clauser and Home (CH) showed that: 
-1 < P 12 (a, b) - P 12 (a, 9) + P 12 (a', 6) + P 12 (a', &') - Pi (a') - P 2 (b) < (1) 
where 

P 1 (a) = fd\p(\)P 1 (a,\) 
Pn(a,b) = J d\p(X)P 12 (a,b, A) 

The integration is over the space of the states of A and p(X) is the normalized prob- 
ability density: 
JdXp(X) = l 

The inequality (1) is the CH version of Bell inequality.In deriving this inequal- 
ity, Clauser and Home used the following locality condition: 
Pi 2 M,A) = P 1 (a,A)P 2 (fc,A) (2) 

Since Bell inequality is violated by the existing experimental data,some people have 
concluded that the incompatibility of Bell inequality with the data is due to the 
violation of the locality condition (2). 
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How Can We (Mathematically) Formulate Physical Locality 
Condition? 

The formulation of locality condition is always based on the model used to prove 
Bell's theorem e.g. the relation (2) in CH model. 

It is possible to think that the so-called relations which are used as locality condi- 
tion implicitly involve additional assumptions than the physical locality condition 
and the source of incompatibility shown in different types of Bell's theorem is in 
these additional parts and therefore having a peaceful coexistance between quan- 
tum mechanics and special theory of relativity. The most important work to show 
this peaceful coexistance is,originally by Jarret and Ballentine [3], by Shimony [4]. 
Shimony has argued that the locality condition; 
P 12 (a,b, X) = P 1 (a,X)P 2 (b, A) 

can be obtained from the conjuction of two conditions: 
Pi 2 (a 2 .b — +1, A | a, b, fii.a — +1) = P 2 (a 2 .b = +1, A | a, b) 

P x {a x .a = +1, A | a,b) = P^.a = +1, A) = Pi(a,X) 

< 

P 2 {a 2 .b = +1, A | a,b) = P 2 (a 2 .b = +1, A) = P 2 {b, A) 
called, respectively, outcome-independence and parameter-independence. It can be 

shown that quantum mechanics observes parameter-independence, and violates outcome- 

independence;and that only parameter-independence is compatible with the special 
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theory of relativity. Thus, outcome- independence is considered to be the cause of Bell 
inequality violation [4]. 

In what follows we are going to show that even before the introduction of outcome- 
independence,there is still an incompatibility and therefore having a more powerful 
proof of the peaceful coexistance between quantum mechanics and special relativity. 

Bell Inequality Violation Doesn't Imply Nonlocality: 

We want to demonstrate that even before the introduction of locality condition 
(2), one can see the incompatibility of the stochastic realistic models (here CH model) 
with quantum mechanics. 

From the definition of conditional probability, as an axiom of the "classical" theory 
of probability [5], we can write: 

Pi 2 (a, b, A) = Pi(<7i.a = +1, A | a, &)P 2 (<r 2 i = +1, A | a, b, o\.a = +1) (3) 
where Pi(c?i.a = +1, A | a, b) is the probability of detecting particle "1" when the 
analyzers receiving particles "1" and "2" have the orientations a and b respectively, 
and P 2 (cr 2 .6 = +1, A | a,b,B\.a = +1) is the detection probability for particle "2" 
when the analyzers are in the directions a and b, and the result of the measurement 
of <j\.a is +1. 

Multiplying (3) through p(X) and integrating over A we get: 

/ Pi 2 (a, b, X)p(X)d\ = J Pi(ai.a = +1, A | a, b)P 2 (a 2 .b = +1, A | a, 6, O\.o, = +l)p(X)dX 
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(4) 
or 

P 12 {d, b) = J P^.a = +1, A | a, b)P 2 {a 2 .b = +1, A | a, b, a x .a = +l)p(X)dXQ 
On the other hand we have 

JP^.a = +1, A | a,b)p(X)d\ = P 1 (a 1 .a = +1) (5) 

/ P 2 (a 2 .b = +1, A | a, b, a,.a = +l)p(X)dX = P 2 (a 2 .b = +1 | a^a = +1) (6) 

But, in quantum mechanics we have: 

Pi(ai.a = +1) = \ 

P 2 (a 2 .b = +1 | 5\.a = +1) = P 2 (a 2 .b = +1 | o x .a = -1) = sin 2 (^) 

P 12 (d, b) = Puiai.a = +1, a 2 .b = +1) = ±sin 2 ^ 

Thus (in quantum mechanics), 

P 12 (a, b) = P^.a = +l)P 2 (a 2 .b = +1 | a x .a = +1) 

Replacing the right hand side of (4) and the left hand sides of (5) and (6) into the 
above equation, one gets: 

/ P^aVa = +1, A | a, b)P 2 (a 2 .b = +1, A I a, b, &i.a = +l)p(X)dX = 
(JPii^.a = +1, A I a, b)p(X)dX)(J P 2 (a 2 .b = +1, A | a,b,°i-a = +l)p(X)dX) 
which is not necessarily true in all cases. 

Therefore, whit hout using Bell's locality condition (2), we have reached an incompat- 
ibility between our stochastic model, CH model, with quantum mechanics. 
Of course,we haven't used outcome-independence in demonstrating the incompati- 
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bility of the realistic model with quantum mechanics. 

Thus,the source of the problem in the incompatibility of our realistic model with 
quantum mechanics is not in using the locality condition, but in the application of (3) 
to sub-quantum level,i.e.the stochastic realistic model which is used to reproduce the 
predictions of the quantum mechanical singlet-state. Therefore,the decomposition of 
Pi 2 (a, b, A) in the form of (3) is not warranted. 

Conclusion: 

What we have shown is the inconsistency of the quantum mechanical prediction for a 
system in singlet-state and the conditional probability product rule (3) in CH model. 
The first important result is that before introduction of not only parameter-independence 
but also outcome-independence there is an inconsistency and therefore locality is not 
necessarily violated. But,the other important result is the violation of a trivial re- 
lation, an axiom, of the classicaltheory of probability by quantum mechanics. 
In our opinion,for singlet-state the decomposition of Pu in the form of P\. P2, independent 
of their functional dependence on the parameters of their systems, is not possi- 
ble;because the singlet-state is a nonfactorizable state i.e. the singlet-state cannot 
be factorized as a tensor product of its two parts(components) [6] .We think that 
this nonfactorizability is the root of violation of the conditional probability relation 
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(3). 

Finally, we should mention that in a paper [7] Ballentine has tried to demonstrate 
that the formalism of quantum mechanics satisfies the axioms of "classical" prob- 
ability theory.But,that paper doesn't involve nonfactorizable states and the state 
vector considered there, particularly in treating the conditional probability defini- 
tion(axiom),is a factorizable state. 
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